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Abstract. The thermodynamic parameters of the superconducting state in CaC6 have been determined in
the framework of the isotropic and anisotropic Eliashberg formalism. The obtained results determine the
anisotropy eﬀect on the values of the thermodynamic functions. In particular, it has been found that the
anisotropy of the electron-phonon coupling constant and the Coulomb pseudopotential signiﬁcantly aﬀects
the order parameter and the wave function renormalization factor, which determines the electron eﬀective
mass. These results mean that anisotropy should be also visible in the total normalized density of states.
In the case of the thermodynamic critical ﬁeld, anisotropy lowers its value in the low-temperature area.
On the other hand, it does not aﬀect the speciﬁc heat jump at the critical temperature.
1 Introduction
The classical mechanism of the formation of the super-
conducting state is related to the interaction occurring
between the electron gas and the crystal lattice vibrations
(phonons) [1,2].
In the case when the value of the electron-phonon cou-
pling constant (λ) is not higher than 0.3, the thermody-
namic properties of the superconducting phase can be suc-
cessfully described by the BCS theory [3,4]. Let us notice
that this theory is based on the Hamiltonian, which elim-
inates the phonon degrees of freedom and uses the mean
ﬁeld approximation.
For the physical systems, in which λ > 0.3, the ther-
modynamics of the superconducting state can be rele-
vantly dependent on the strong-coupling and the retar-
dation eﬀects. Such eﬀects are included in the Eliashberg
formalism, which is the natural generalization of the BCS
theory [5].
In particular, the respective equations (Eliashberg
equations) have been derived straight from the
Hamiltonian, which models the linear interaction
between the electron gas and the phonons, applying
at the same time the method of the thermodynamic
Green’s functions [1,2,6–8]. The result is the non-linear
system of equations for the order parameter and the wave
function renormalization factor, which structure allows
the quantitative description of the strong-coupling and
the retardation eﬀects.
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The classical superconductors, in which the Cooper
pairs condensate is induced by the electron-phonon in-
teraction, are characterized by a low value of the critical
temperature (TC) [7]. This fact strongly limits the possi-
bility of their industrial application. Thus, for many years
there have been constant attempts made to ﬁnd the phys-
ical systems, in which the superconducting state would be
characterized by the highest possible TC value.
In the case of the systems with the electron-phonon
pairing mechanism, some kind of a breakthrough came in
2001, when the superconducting properties of magnesium
diboride were discovered [9]. In particular, it was found
that the high value of the critical temperature in MgB2
(TC = 39.4 K) results from the existence of the two-band
electronic structure (σ and π band) [10]. It is worth men-
tioning that the anisotropy of the electronic properties
of the considered system additionally results in signiﬁcant
deviations of the thermodynamic parameters from the pre-
dictions of the BCS theory [11].
The recently conducted numerical calculations suggest
also that the strong electronic anisotropy can be respon-
sible for the formation of the high-temperature supercon-
ducting state in molecular metallic hydrogen. For exam-
ple, for the pressure at 414 GPa, the estimated value of the
critical temperature is equal to 84 K [12–14]. In the present
case, three eﬀective bands have been distinguished. Thus,
for the proper description of the thermodynamic parame-
ters in hydrogen, the three-band Eliashberg formalism is
required [15].
In the case of the standard pressure, the only known
three-band electron-phonon coupled superconductor is
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CaC6 compound [16–19]. In particular, CaC6 represents
the superconductor of the intermediate anisotropy.
We want to underline that at the moment CaC6 is the
graphite intercalated compound with the highest critical
temperature at the ambient pressure: TC = 11.5 K [16]. It
should be also noted that the critical temperature of CaC6
can be further modiﬁed with increasing pressure. Many
theoretical and experimental investigations proved that
TC in CaC6 exhibits an interesting increasing-decreasing-
increasing behavior under pressure [18,20–24]. In particu-
lar, the critical temperature increase linearly to the value
of 15.1 K, when the pressure increases to 7.5 GPa. Next,
at 8 GPa, the transition temperature drops and levels oﬀ
at 5 K above 10 GPa [22], due to the structural phase
transition. Between 18 and 32 GPa no superconducting
transition above 2 K is observed [23].
Recently however, Li et al. have reported the re-
emergence of the superconductivity in the heavily com-
pressed CaC6 (p  39 GPa), applying pressure via the the-
oretical calculations [24]. In particular, the authors have
stated that the predicted phase III (space group Pmmn)
with the formation of the carbon nanofoam is found to be
stable at a wide pressure range with the critical tempera-
ture up to 14.7 K at 78 GPa.
The proof that the pairing mechanism in CaC6 results
from the electron-phonon interaction is the observation of
the Ca isotope eﬀect [25]. In particular, the experiment
has reported the high value of the isotope exponent, close
to the BCS limit: αCa ∼ 0.5 [3,4]. This data suggests the
dominant role of the Ca phonons in the electron-phonon
coupling.
In the present study, we have analyzed the CaC6 su-
perconducting state, at the ambient pressure, in order to
determine the eﬀect of anisotropy on the values of the
thermodynamic functions. For comparison purposes, the
results obtained in the one-band approach have been also
presented.
2 The formalism
2.1 The one-band Eliashberg equations
In the simplest case, the properties of the superconducting
state in CaC6 have been analyzed with the use of the one-
band Eliashberg equations determined on the imaginary








Zn = 1 + πkBT
M∑
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where the symbol Δn ≡ Δ (iωn) denotes the order pa-
rameter, and Zn ≡ Z (iωn) is the wave function renormal-
ization factor. The Matsubara frequency has been deﬁned
in the following way: ωn ≡ πkBT (2n− 1), whereas kB
represents the Boltzmann constant.
The form of the electron-phonon interaction has been
determined by the properties of the pairing kernel:




(ωn − ωm)2 + Ω2
, (3)
where α2F (Ω) is the Eliashberg function.
The depairing electron correlations have been mod-
eled in the considered formalism with the use of the func-
tion: μ (ωm) ≡ μθ (ωc − |ωm|), where μ represents the
Coulomb pseudopotential; θ is the Heaviside’s function,
and ωc denotes the cut-oﬀ frequency.
The one-band Eliashberg equations have been solved in
the presented article for 3601Matsubara frequencies (M =
1800). The numerical methods tested in the works [27–31]
have been used. The stable solutions have been obtained
for T ≥ T0 = 2 K.
2.2 The three-band Eliashberg equations
The anisotropic properties of the superconducting state in
CaC6 should be examined in the framework of the three-
































where α denotes the band index. In particular: α ∈
{a, b, c}. From the physical point of view, the eﬀective
bands in CaC6 have been distinguished due to the break-
down of the Fermi surface into three separate parts,
namely: (a) the external π surface; (b) the Ca sphere; and
(c) the internal π surface [17].
In the considered case, the pairing kernels
(Kαβ (ωn − ωm)) can be calculated with the help of
the formula below:
Kαβ (ωn − ωm) = λαβ Ω
2
C
(ωn − ωm)2 + Ω2C
, (6)
where the symbols λαβ denote the coupling constants.
The quantity ΩC represents the characteristic phonon
frequency, which value should be calculated numerically.
The depairing electron correlations have been deter-
mined by the functions: μαβ (ωm) ≡ μαβθ (ωc − |ωm|),
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Fig. 1. The one-band formalism: (A) the form of the or-
der parameter on the imaginary axis for the selected val-
ues of the Coulomb pseudopotential (T = TC). The results
for the ﬁrst 100 Matsubara frequencies have been presented.
(B) The dependence of the maximum value of the order pa-
rameter on the Coulomb pseudopotential.
where the parameters μαβ denote the anisotropic Coulomb
pseudopotentials.
The three-band Eliashberg equations for CaC6 have
been solved for 1201 Matsubara frequencies (N = 600).
The numerical packages tested in the works [11,15,32,33]
have been used. The stable solutions have been obtained
for T ≥ T0 = 2 K.
3 The input parameters
The Eliashberg equations have two input parameters: the
Eliashberg function and the Coulomb pseudopotential.
Eventually, the Eliashberg function can be replaced by
the respective coupling constant and the characteristic
phonon frequency.
In the one-band case, for the description of the proper-
ties of the superconducting state in CaC6, the Eliashberg
function calculated in the work [34] has been used. The
corresponding value of the coupling constant (λ) is equal
to 0.831. The maximum value of the phonon frequency
(Ωmax) equals 183.4 meV. Additionally, ωc = 10Ωmax has
been assumed.
The value of the Coulomb pseudopotential has
been calculated with the help of the equation:
[Δn=1 (μ)]T=TC = 0. It is worth noting that the form of
the order parameter on the imaginary axis for the selected
values of μ is presented in Figure 1A. Additionally, Fig-
ure 1B presents the full course of the function Δn=1 (μ).
On the basis of the presented results, it has been found
that the value of the parameter μ equals 0.21. From the
physical point of view, it is a relatively high value, which
means that the depairing electron correlations are signiﬁ-
cant in CaC6 compound.
Fig. 2. The three-band formalism: the dependence of the order
parameters on the value of the characteristic phonon frequency
(T = TC).
In the three-band case, the matrix of the electron-
phonon coupling constants has been determined numer-












The matrix of the Coulomb pseudopotentials has been cal-



































Let us note that the parameter μ3 is equal to 0.21 [35],















where ρ (0) =
∑
α ρα (0).







at the disposal, the value of the char-
acteristic phonon frequency has been determined. Up to
this point, the equation: [Δαn=1 (ΩC)]T=TC = 0 has been
solved. As a result, it has been obtained: ΩC = 20.21 meV.
The full dependence of the parameters Δαn=1 on ΩC has
been presented in Figure 2.
Next, the relationship between the input parameters
for the one-band and the three-band case has been dis-
cussed. Let us recall that in the one-band formalism, it has
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Fig. 3. The one-band formalism: the form of the order param-
eter on the real axis for the selected values of the temperature.
The rescaled Eliashberg function is additionally presented in
the ﬁgure.
been obtained: λ = 0.831 and μ = 0.21. Of course, in the









. Note however, that
with their help, we can determine the values correspond-
ing to the values λ and μ. In particular, according to
the method proposed by Suhl et al., all the eigenvalues of
the matrices must be calculated and their highest values
must be taken into account [36]. In the present case, it has
been obtained: 〈λ〉 = 0.911 and 〈μ〉 = 0.21. Based on the
above results, it can be seen that the parameters 〈λ〉 and
〈μ〉 agree with the results obtained in the framework of
the one-band formalism.
4 The order parameter
The exact value of the order parameter can be obtained
by the analytic continuation of the Δm function on the
real axis (ω) [37].
The courses of the order parameter on the real axis,
obtained in the framework of the one-band formalism, are
presented in Figure 3. The selected values of the temper-
ature have been taken into account. It can be noticed
that for lower frequencies the non-zero is only the real
part of the function Δ (ω). The strong damping eﬀects
are induced for the higher frequencies in CaC6 compound.
Those eﬀects are described by the imaginary part of the or-
der parameter [38]. Additionally, the rescaled Eliashberg
function has been plotted in Figure 3. It can be clearly
observed that the functions Re[Δ (ω)] and Im[Δ (ω)] are
correlated with the shape of the spectral function. For this
reason, the values of the order parameter are worth pre-
senting also on the complex plane. The obtained results
have been collected in Figure 4. It has been found that
the values of the order parameter create the characteristic
Fig. 4. The one-band formalism: the form of the order pa-
rameter on the complex plane for the selected values of the
temperature.
Fig. 5. The inﬂuence of the temperature on the physical value
of the order parameter. The red line with squares has been ob-
tained in the framework of the one-band model. The remaining
symbols present the results of the three-band approach.
deformed spirals with the radii decreasing together with
the increasing temperature.
It should be noted that much smoother functions of
the order parameter than in the one-band case appear
in the three-band case, which results from the replace-
ment of the spectral functions in the Eliashberg equations
by the coupling constants and the characteristic phonon
frequency.
The physical value of the order parameter for the given
temperature has been calculated on the basis of the fol-
lowing formula:
Δ (T ) = Re [Δ (ω = Δ (T ) , T )] . (10)
The obtained results have been plotted in Figure 5. It has
been found that strong anisotropy of the order parame-
ter, visible substantially throughout the entire considered
temperature range, appears in the superconducting state
in CaC6 compound.
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Let us note that the values of the order parameter
presented in Figure 5 can be calculated with the help of
the simple formula:








wherein for the one-band case, it has been obtained:
Δ (0) ≡ Δ (T0) = 1.855 meV.
The multiband formalism gives the following results:
Δa (0) = 1.180 meV, Δb (0) = 2.364 meV, Δc (0) =
1.864 meV. In both cases Γ = 7/2. Please note that in
the framework of the BCS formalism, the parameter Γ is
equal to 3 [39].
Based on the presented results, the values of
the dimensionless ratios have been estimated: RαΔ ≡
2Δα (0) /kBTC .
Let us note that the value of the parameter RΔ is the
universal constant of the BCS model and it is equal to
3.53 [3,4]. In the one-band case, it has been obtained:
RΔ = 3.77, whereas the anisotropic description gives:
RaΔ = 2.40, R
b
Δ = 4.83, and R
c
Δ = 3.80.
When comparing the result obtained in the framework
of the one-band formalism with the value predicted by the
BCS theory, it is clear that the parameter RΔ is slightly
higher than [RΔ]BCS. This result means that the strong-
coupling and the retardation eﬀects in CaC6 compound
do not signiﬁcantly aﬀect the value of RΔ.
The considered eﬀects can be characterized quantita-
tively in the framework of the Eliashberg formalism by
calculating the ratio: r ≡ kBTC/ωln, where ωln is the log-
arithmic phonon frequency. In the case of CaC6, we have:
ωln = 27.78 meV. Thus, the parameter r equals 0.036. On
the other hand, in the BCS limit, the Eliashberg equations
predict: r = 0 [6].
However, the situation is subject to a signiﬁcant
change, when we take into account the anisotropy of the
studied system. Based on the obtained results, it can be
easily noticed that RΔ in the bands a and b signiﬁcantly
deviates from [RΔ]BCS.
With the explicit forms of the order parameter func-
tions we can, in a relatively simple way, plot a graph of










where NαS (ω) and N
α
N (ω) denote the density functions for
the superconducting state and the normal state, respec-
tively. Additionally, for the anisotropic case it has been
assumed that: χα = 1/3.
The normalized band densities of states have been cal-





⎣ |ω − iδ|√
(ω − iδ)2 − (Δα (ω))2
⎤
⎦, (13)
whereas the pair breaking parameter δ is equal to 0.1 meV.
Fig. 6. The one-band and the three-band formalism: the total
normalized density of states. (A) The comparison of the one-
band results and the three-band results for the lowest consid-
ered temperature. (B) The dependence of the total normalized
density of states on the temperature in the three-band case.
The total normalized density of states calculated in
the framework of the one- and three-band model has been
plotted in Figure 6. On the basis of the presented data, it
has been found that in the case of CaC6, the anisotropy
of the superconducting state causes a clear split of two
maxima of the single-band function into six maxima in
the three-band case. It is worth noting that the maxima
are situated at the points of incidence with the value of
the frequency equal to ±Δα.
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Fig. 7. The one-band formalism: the wave function renormal-
ization factor on the real axis at the critical temperature. Ad-
ditionally, the ﬁgure presents the rescaled Eliashberg function.
5 The wave function renormalization factor
Next, we have analyzed the inﬂuence of anisotropy on the
form of the second solution of the Eliashberg equations.
The physical value of the renormalization factor can be
obtained by the analytic continuation of the Zn function
on the real axis [37].
When analyzing the obtained results, it has been found
that both in the one-band and in the three-band case, the
renormalization factor very slightly depends on the tem-
perature. Based on the above statement, Figure 7 presents
only the form of the function Z (ω) at the critical tem-
perature. Additionally, a graph of the rescaled Eliashberg
function is presented in the ﬁgure. It has been found that,
like as in the case of the order parameter, the non-zero val-
ues for lower frequencies are taken only by the real part of
the function Z (ω). For higher frequencies both Re[Z (ω)]
and Im[Z (ω)] are characterized by the complicated forms,
wherein the shapes of the considered functions are clearly
correlated with the shape of the Eliashberg function.
The electron eﬀective mass (me)
α should be calculated
in the framework of the Eliashberg theory with the help
of the following formula:
(me)
α = Re [Zα (ω = 0, T )] (me)α, (14)
where the symbol (me)α denotes the electron band mass.
A full dependence of the electron eﬀective mass on
temperature for the one-band and the three-band case is
presented in Figure 8. On the basis of the presented data,
it has been found that the anisotropy of the electron ef-
fective mass is clearly visible in the entire range of the
existence of the superconducting state. It is also worth
noting that the highest eﬀective mass belongs to the elec-
trons of the b band, which is directly related to the high
value of the eﬀective coupling constant for the considered
band (λb ≡ ∑β∈{a,b,c} λbβ = 1.258).
In the last step let us note that the inﬂuence of
temperature on the value of the electron eﬀective mass
Fig. 8. The dependence of the electron eﬀective mass on the
temperature. The solid line has been obtained in the framework
of the one-band model. The symbols represent the results of
the three-band approach.
can be characterized analytically. For this purpose, we
have introduced the auxiliary indication: Zα (T ) ≡
Re [Zα (ω = 0, T )]. It has turned out that the function
Zα (T ) can be parameterized using the following formula:






where: Zα (0) = Zα (T0) and Zα (TC)  1 +∑
β∈{a,b,c} λ
αβ . In the one-band case, it has been obtained:
Z (0) = 1.813 and Z (TC) = 1.831, whereas the three-band
formalism predicts:
Zan=1 (0) = 1.672, Z
b
n=1 (0) = 2.239, Z
c
n=1 (0) = 1.916,
Zan=1 (TC) = 1.682, Z
b
n=1 (TC) = 2.258,
and Zcn=1 (TC) = 1.930.
6 The thermodynamic critical field
and the specific heat jump
In order to determine the thermodynamic critical ﬁeld and
the speciﬁc heat jump, it is necessary to calculate the free
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Fig. 9. The dependence of the free energy and the thermo-
dynamic critical ﬁeld on the temperature. The solid line has
been obtained in the framework of the one-band model. The
symbols represent the three-band approach.
where the upper indexes S and N denote the supercon-
ducting and the normal state, respectively. In the one-
band case, the electron density of states on the Fermi sur-
face is equal to: ρ (0) = 1.5 states/eV*cell [41].
The results obtained for the free energy diﬀerence (the
one-band and the three-band case) are presented in the
lower panel of Figure 9. It can be noticed that anisotropy
causes a clear increase in the values of ΔF in the range of
low temperatures. In the case of the temperatures close to
the critical temperature, the isotropic and the anisotropic
results are virtually indistinguishable.
The values of the thermodynamic critical ﬁeld have
been calculated on the basis of the following formula:
HC =
√−8πΔF. (17)
The numerical results are presented in the upper panel of
Figure 9. Due to the form of the free energy diﬀerence,
the inﬂuence of anisotropy on the values of HC is clearly
visible only in the range of low temperatures.
In the last step, the speciﬁc heat jump at the critical
temperature has been calculated: (ΔC (TC) ≡ C(S) (TC)−
C(N) (TC)). Due to the fact that the function ΔF has an
identical form near the critical temperature, for the one-
and three-band case the following formula has been used:




The obtained result can be interpreted in the most con-
venient way by calculating the value of the dimensionless
ratio: RC ≡ ΔC (TC) /C(N) (TC), where the speciﬁc heat




The Sommerfeld constant is given by: γ ≡ 23π2 (1 + λ).
For CaC6 compound, it has been obtained: RC = 1.71.
Let us notice that the classical BCS theory predicts: RC =
1.43 [3,4]. This result means that the strong-coupling and
the retardation eﬀects in CaC6 compound increase the
value of the parameter RC in comparison to the result
predicted by the BCS model.
7 Summary
The presented work describes the inﬂuence of anisotropy
of the electron-phonon and the electron-electron interac-
tion on the values of the thermodynamic functions of the
superconducting state in CaC6 compound.
The numerical calculations have been carried out in
the framework of the isotropic and the anisotropic (three-
band) Eliashberg formalism.
It has been found that anisotropy signiﬁcantly changes
the values of the order parameter. In particular, the
isotropic value of the order parameter for T = T0 is
equal to 1.855 meV. In the anisotropic case, the minimum
and the maximum value of the order parameter equals:
1.180 meV and 2.364 meV, respectively. Note that this
result implies a signiﬁcant change in the form of the to-
tal normalized density of states in CaC6 compound when
compared to the predictions of the isotropic formalism.
The anisotropy of the pairing and the depairing in-
teraction has additionally a signiﬁcant eﬀect on the value
of the electron eﬀective mass. In the isotropic case, for
T = TC it has been obtained: me = 1.831me, whereas the
anisotropic calculations determine the extension of the ef-
fective mass from 1.682 (me)
a to 2.258 (me)
b.
It has been also shown that the anisotropy of the inter-
actions in CaC6 visibly lowers the low-temperature values
of the thermodynamic critical ﬁeld. On the other hand,
it has no eﬀect on the speciﬁc heat jump at the critical
temperature.
We note also that presented here results can be of fun-
damental and practical interest not only in the terms of
the bulk carbon intercalated superconductors, but also in
the discussion on the possible superconductivity in the
low-dimensional graphene-based materials [42,43], follow-
ing recently published work by Yang et al. [44].
Finally, we would like to underline, that the thermo-
dynamic properties calculated in the present work should
change under the pressure, corresponding to the relation
between the critical temperature and pressure, as de-
scribed in the introduction. This vague and interesting
problem is currently under our investigation.
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